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Acoustic Modeling of Perforated Plates
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Microperforated plates are characterised by having a number of holes with radii in the submillimeter range. For each hole the thickness of the viscothermal boundary layer becomes comparable to the radius and hence a representative acoustic model of the plate should include acoustic resistance as well as acoustic mass. Acoustic measurements have been carried out for a number of perforate samples and results have been compared to analytical as well as Finite Element models where dissipation is included. The use of the microperforated plates as damping elements in hearing aids is examined.



1. Introduction Perforated plates can be used for introducing acoustic damping in a system. The damping effect is more pronounced the smaller the hole size and this damping is usually attributed to two physical implications. One is that due to viscosity in the air, a lower longitudinal particle velocity is found near the boundary of the hole than in the bulk, i.e. near the middle of the hole. The slowing down of the velocity takes away energy from the acoustic wave, and so a loss has been introduced. The other effect is introduced as the thermal conductivity of the plate material is higher than that of the fluid. This tends to equalize temperature differences, and hence pressure differences, in the fluid, resulting in an acoustic loss. An accurate acoustic model must incorporate these so-called viscous and thermal losses. Comparisons will be made between an analytical transmission line model and a full Navier-Stokes implementation for a number of test cases.



2. Theory With the assumption of a constant cross-sectional sound pressure, a transmission line suffices in describing the acoustic behavior. A transmission matrix then gives the relation between the input pressure pi and the input volume velocity qi , and the output pressure po and the output volume velocity qo as ¶ ¶µ ¶ µ µ po cosh(Γl) Zc sinh(Γl) pi (1) = qo qi Zc−1 sinh(Γl) cosh(Γl) The characteristic impedance Zc and the propagation wavenumber Γ are both related to the 0 0 so-called p series impedance per √ unit length Z and the shunt admittance per unit length Y as Zc = Z 0 /Y 0 and Γ = Z 0 Y 0 , respectively. The inertial and viscous effects are tied to the series impedance whereas the compressional and thermal effects are tied to the shunt



admittance. The equation system can be modeled with the frequency-dependent components shown in Fig. 1. The component values are hyperbolic cosine and tangent functions, and so the components are of course non-physical, but nonetheless give a good description of the acoustics in the tube.



Figure 1: A T-section circuit with a transmission matrix as in Eq. (1) with Z1 = Z2 = Zc tanh(Γl/2) and Z3 = Zc / sinh(Γl) where Zc is the characteristic impedance, Γ is the propagation wavenumber and l is the length of the system. In order to be able to do calculations on different tubes one has to be able to establish the two parameters describing the behavior, i.e. the characteristic impedance Zc and the propagation wavenumber Γ. These parameters have already been found by several authors for several tubes with different cross-sections, especially the circular cross-section has received much attention, see e.g. Benade [1] and Keefe [2]. For the circular cylindrical tube and the rectangular tube depicted in Fig. 2, Stinson [3] gives the parameters listed in Table 1. Here, ρ0 is the static fluid density, µ is the viscosity, CP is the specific heat at constant pressure and λ is the thermal conductivity. (a)
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Figure 2: Two tube cross-sections, the circular and the rectangular, with relevant coordinates and distances. At low frequencies (or for short tubes) where |Γl| ¿ 1 the transmission matrix is approximated by utilizing the series solutions of the matrix elements ¶ ¶ µ µ 1 Zc Γl cosh(Γl) Zc sinh(Γl) . (2) ≈ 1 Zc−1 Γl Zc−1 sinh(Γl) cosh(Γl) Low frequency Several alternative so-called lumped parameter circuits can be used in describing such a low frequency system to a reasonable degree. In Fig. 3 two such circuits often used in the literature are shown. The acoustic series impedance is at low frequencies/short tubes simply found as Z 0 l, i.e. the series impedance per unit length times the (short) length. For a perforated plate with perforations, or tubes, open at both end the compressional effect and the associated thermal effect will be of little importance as the fluid will tend to move as a mass without being compressed, and hence the acoustic impedance is found by considering the series term only. With the parameters describing the inertial, viscous, compressional and thermal effects established one can do calculations on a single tube with arbitrary boundary conditions. A



Table 1: The series impedance Z 0 and the shunt admittance Y 0 for tubes of circular or rectangular cross-section with area S. Geometry Parameters iωρ0 0 Z , SFZ Circular



where FZ = Y0



iω ρ0 c20 S



(γ − (γ − 1)FY ),



where FY = Z0 Rectangular Y0



³ q ´ iρ0 ω J2 a µ − ³ q iρ0 ω ´ J0 a µ



µ q ¶ iρ0 CP ω J2 a λ − µ q iρ C ω ¶ 0 P J0 a λ



iωρ0 , SFZ P P −1 ∞ ∞ 4iωρ0 where FZ = µl2 l2 k=0 n=0 (αk2 βn2 (αk2 + βn2 + iωρ0 /µ)) x y αk = (k + 1/2)π/lx βn = (n + 1/2)π/ly iω (γ − (γ − 1)FY ), ρ0 c20 S P −1 ∞ P∞ 4iωρ0 CP 2 2 2 2 where FY = λl2 l2 k=0 n=0 (αk βn (αk + βn + iωρ0 CP /λ)) x y αk = (k + 1/2)π/lx βn = (n + 1/2)π/ly



Figure 3: Two alternative lumped parameter models of a transmission line at low frequencies. The components in (a) are Z1a = Z2a = Zc Γl/2 = Z 0 l/2 and Z3a = Zc (Γl)−1 = (Y 0 l)−1 . The components in (b) are Z1b = Zc Γl = Z 0 l and Z3b = Zc (Γl)−1 = (Y 0 l)−1 .



perforated plate can be thought of as an array on parallel tubes and it is simple to show that for a plate with N similar perforations (or tubes) the transmission line matrix is found as µ ¶ cosh(Γl) Zc sinh(Γl)/N (3) N Zc−1 sinh(Γl) cosh(Γl) with Zc and Γ for a single tube inserted. The low frequency matrix as well as the lumped parameter components can be modified accordingly when more than one tube is considered.



2.1 End effects At the end of each tube one has to consider the so-called end effects. When viscous and thermal losses are ignored the typical way of looking at these end effects is to add a mass term to the impedance of the tube, giving it an effective length longer than its geometrical length, and a resistive term as well. The reasoning behind adding these terms is that if the velocity across the tube ending is assumed constant one can instead consider the situation of a rigid piston radiating into e.g. a semi-infinite space, and the termination impedance can for this situation be found analytically. In the case of a tube with viscothermal losses included the velocity varies across the cross-section and so the piston model is less accurate. Nonetheless, the end effects are often estimated purely by adding a length term δl to the effective acoustic impedance Za of the tube so that Za = Z 0 (l + δl) = Z 0 le



(4)



where le is the effective length (see e.g. Stinson and Shaw [4], Maa [5] and Pierce [6, pp. 348350]). This way both the inertial part (the acoustic mass) and the viscous part (the acoustic loss) are increased due to end effects. Another issue to consider is the shape of the cross-section. The piston model usually considers a circular cross-section, and if the shape deviates from this it is assumed that one can simply modify the end effects to those of circular cross-section with the same area. For example, 8a considering that δl for a circular hole with radius a placed in an infinite baffle is 3π , one can instead write If the tube is terminated similarly at both ends the added length should be multiplied by 2. Little research has seemingly been put into examining the topic of end effects when viscothermal losses are considered. With the numerical implementation considered in the following section it should be possible to capture all (linear) effects, as long the corresponding mesh is refined enough. In the analytical model, whenever the tube cross-sections were not circular, the end correction term has simply be found from that of a circular cross-section with the same area.



3. Numerical implementation Aside from the analytical solutions for some generic cases a numerical model has also been investigated which can in principle handle any geometry. Under the assumption of an ideal gas and harmonic variation (eiωt ) the governing equations describing the physics are the NavierStokes (momentum) equation ¶ µ 4 µ + η ∇ (∇ · v) − µ∇ × (∇ × v) , (5) iωρ0 v = −∇p + 3



the equation of continuity



µ iω



T p − P0 T0



¶ +∇·v =0



(6)



and the energy equation iωρ0 CP T = λ∇2 T + iωp.



(7)



Here, T is the temperature variation around some ambient temperature T0 , p is the sound presssure and P0 is the ambient pressure, v is the particle velocity and η is the bulk viscosity. These coupled equations have been put in the finite element software COMSOL Multiphysics. The ambient values for the temperature, the pressure and the density are input along with a number of possible boundary conditions a solution can be found for the sound pressure, the temperature variation and the particle velocity. When using this implementation one has to make sure that the temperature field and the velocity field are sufficiently resolved by having high mesh density near the boundary as illustrated in Fig. 4.



Figure 4: In (a) a section of a mesh with rotational symmetry to its left is shown. The mesh is more refined near the boundary to its right to resolve the temperature and velocity fields. The temperature variation as a function of the radius coordinate r is illustrated for a certain case in (b).



4. Test cases and Results One test case consists of a circular tube interconnecting two circular cylindrical volumes. There is assumed to be loss in the entire domain, i.e. both the tube and the volumes. If the numerical implementation is able to handle this simple case it should be able to handle a perforated plate with several holes or tubes in it. The geometry is shown in Fig. 5 and the corresponding mesh in shown in Fig. 6. The sound pressure level in one end of the geometry
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Figure 5: The geometry of the test case with a tube connecting two circular cylindrical volumes. There is rotational symmetry around the dotted axis. The values a1 = 5 mm, a2 = 0.5 mm, l1 = 9.4 mm and l2 = 10 mm were used.



Figure 6: The mesh for one of the test cases. was found for a velocity boundary condition at the other end with all other walls being rigid and having isothermal conditions. Results were found using the numerical implementation as well as an analytical transmission line model. The results are shown in Fig. 7 along with the response in the absence of loss. As a further test of the implementation the temperature along 180
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Figure 7: The sound pressure level calculated at one end of the geometry in Fig. 5 with a velocity boundary condition of 1.4 ·10−6 m/s at the other end, using an analytical model (solid line) and a full Navier-Stokes implementation (dashed line). The response when viscothermal losses are neglected is shown as well (dash-dotted line). the radius midway through the tube was at a single frequency, 800 Hz. This temperature was also calculated analytically and the results are shown in Fig. 8. Another test considered was a so-called ’hook filter’ located in some hearing aids. The purpose of this particular filter is to introduce acoustic loss to dampen out an axial resonance, and its layout is that of a perforated plate as depicted in Fig. 9. A test setup was considered with the hook filter placed midway in a tube with a length of 2.2 cm. At one end a velocity boundary condition of 1 m/s was applied and the sound pressure level at the other end was calculated were an impedance boundary condition of a so-called 2CC coupler, emulating the impedance of a typical ear canal, was applied. A quarter of the geometry is considered as there are two symmetry planes as illustrated in Fig. 10. The 21 holes and the domain near the filter were meshed finely and the full Navier-Stokes strategy applied along with an interface to the remaining domains were a conventional acoustic approach with sound pressure as the only degree of freedom was considered. The analytical model used a lumped parameter model for the filter section with end correction for each square hole set equal to that of a circular with the same area as described in the Theory section. Results are shown in Fig. 11.
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Figure 8: The temperature variation T found midway through the tube in Fig. 5 as a function of radius using an analytical model (solid line) and the full Navier-Stokes implemetation (dashed line).



Figure 9: The hook filter has 84 square holes each with side lengths of 0.06 mm. It is 0.13 mm thick and 1.3 mm in diameter.



Figure 10: The test setup with the hook filter placed in a tube. Only 1/4th of the geometry is considered as there are two planes of symmetry. The zoom shows the region where viscothermal losses were considered.
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Figure 11: The sound pressure level at one end of the test setup in Fig. 10 calculated using an analytical model (solid line) and the full Navier-Stokes model coupled to a conventional loss-free acoustic model (dashed line).



5. Measurements



Measurements were carried out on a number of perforated samples. Four samples were used, sample 1 had a perforation rate of 10 % (area of holes to total area) and each hole had a side length of 15 µm, for sample 2 the values were (20 %, 30 µm), for sample 3 it was (30 %, 63 µm) and sample 4 had (36 %, 90 µm). The measurements were carried out at the National Research Council in Ottawa using an impedance tube made specially for microperforated samples. In Fig. 12 a section of one of the samples is shown. The holes are not strictly rectangular as the fabric is made using a weaving technique and also the depth of each hole is difficult to define exactly. The measured acoustic resistance and that calculated analytically for a perforation



Figure 12: A section of one of the perforated samples used in the measurements. rate equal to that of the specified sample are shown in Fig. 13. Each hole in the analytical model is assumed to be uniformly rectangular with the depth of each hole set to the measured thickness of the sample. The fact that each hole in a sample is distorted due to the weav-
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Figure 13: The acoustic resistance both measured (dashed line) and calculated analytically (solid line) for four different perforated samples. ing process compared to a rectangular hole, as well as the fact that the holes do not have a



uniform cross-section, are probably the main reasons for the discrepancies between analytical and measured results. The end effects are also estimates based on uniform rectangular holes, not the actually geometry of the sample holes. 6. Conclusion Perforated plates can be used for dampening acoustic resonances by introducing dissipation. The dissipation occurs as viscosity in the fluid medium results in friction which converts acoustic energy into thermal energy, and also as thermal conduction lowers temperature differences due to acoustic pressure in the fluid, again converting acoustic energy into thermal. When modeling the acoustics in systems with perforated plates one needs to take into account these losses. This can be done using analytical models if the geometry is simple enough, or numerical methods such as the full Navier-Stokes model for general geometries. The two approaches have been applied to several test cases with simple geometries and good agreement has been found for all cases.
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